Burgers' equation frequently appears in the study of turbulence theory, as well as some other scientific fields. High and low Reynolds numbers play important roles in both modeling and numerical simulation. In this paper, we apply a numerical scheme to solve a two-dimensional time-fractional Burgers equation. The key feature of the proposed method is formed by combining the discontinuous Galerkin method to spatial variables and a finite difference scheme to temporal variables. The corresponding numerical analysis is also presented. Several numerical tests are carried out to demonstrate the theoretical analysis and we present a shock wave phenomenon of the new Burgers model.
Introduction
The Burgers model, usually applied in the study of turbulence, is a very important nonlinear partial differential equation which has been widely investigated by researchers of both theory and computation aspects. In the classical sense, a one-dimensional Burgers equation is of the following simple form [, ]:
where ν = / Re and Re indicates the value of the Reynolds number. u(x, t) represents the speed of fluid media at time-space position (x, t). When the diffusion term is absent (i.e., the Reynolds number becomes very large), the Burgers equation becomes the inviscid Burgers equation as follows:
∂x  ≈ . This is a prototype for conservation equations that can develop discontinuities (also called shock waves) [] . In recent years, the study of Burgers' equation has not only focused on fluid dynamics, but also included nonlinear acoustics, gas dynamics, traffic flow, and so on (see [, ] and references therein). With the assistance of Cole-Hopf transformations [], more and more mathematical analysis tools and computational skills can easily be developed to find more inherent characteristics of Burgers' equation. For instance, Hoffman et al. give a distributed approximating functional method to solve Burgers' equation for relatively large Reynolds numbers in [] , where a nonlinear transform is applied to generating a nonuniform mesh so that tiny step sizes are given near the boundary to catch the satisfying approximation of shock waves. In [] , the multiple-front solutions of a class of coupled Burgers systems is studied by tanh-coth method and the Cole-Hopf transformation. In [] , the solitary solution of Burgers' equation is studied by a modified exponential-function method. This method seems to work perfectly for the integer-order Burgers model because the fractional exponential function expansion is based on the smoothness of the solution. In [] , the Crank-Nicolson method for solving Burgers' equation is discussed. The advantage of a direct full-discrete method is that it can get rid of Cole-Hopf transforms and numerical analysis can be given analogically with usual cases. Much effort has been done since the s for numerical methods of the conventional Burgers equation.
Fractional calculus is not a new subject. It first appeared in the discussion by mathematicians Leibniz and l'Hospital. However, its theoretical growth took up several hundreds years before people found that it might have very important potential applications [] . In many scientific and engineering fields, such as theoretical physical problems [ , fractional derivative models manifest much better and describe real-world data more accurate than integer-order models do. Fractional derivative models not only preserve the basic features of considered problems, but also give more parameters to predict other inner properties of the model, especially for the problems involving spatial dependence and temporal memory [] . For instance, based on the previous research on diffusion models, it is found that the temporal fractional derivative with order one is considered to be a critical value. Then those models with orders of temporal fractional derivative of less than one directly lead to subdiffusion processes, while the models containing orders greater than one indicate the superdiffusion processes. Therefore, fractional derivative models provide an effective way to model anomalous diffusion problems.
Nowadays, fractional calculus modeling methods are considered as powerful techniques to handle physical and engineering problems with memory feature and nonlocal property, due to the natural structure of fractional integrals and derivatives making them a global and weak singular integration [] . Nevertheless, the study of Burgers' equation is fruitful and the literature on these models with fractional derivatives is still scarce. Especially for the multiple-dimensional fractional Burgers model, there are many concrete problems that need to be solved. Therefore, it shall be meaningful to further examine Burgers models with various fractional derivatives. Since the s, numerical methods for fractional differential equations have undergone considerable development, due to the reason that more and more classic models are reconsidered by using a fractional calculus framework. Thus, in this paper, we shall consider a class of two-dimensional time-fractional Burgers equations over bounded domain with high and low Reynolds numbers, and further study the dynamic behaviors through numerical simulations.
Numerical methods applied to a fractional Burgers equation include the finite difference method, the integral transform method, the variational method, and some others. As mentioned, some of them become easier under a Cole-Hopf transform; i.e., see [] . For instance, in [] a fractional Burgers equation with half-order damping term is considered. It is verified that if the coefficient of the half-order derivative is also small, as is usually the case, the evolution comprises three stages, namely a lossless near field, an intermediate Burgers region, and a hereditary far field. In [], the series expansion method is applied to a local fractional derivative to obtain the solutions of both homogeneous and nonhomogeneous transport equations. The finite difference and spectral methods are applied to numerical simulations. In [] , the Adomian decomposition method is applied to solve the fractional KdV-Burgers equation. The decomposition methods are powerful to provide a series expansion which eventually converges to the true solution. In [], the Adomian decomposition method is applied to study a class of coupled Burgers equations with Caputo derivatives equipped on both temporal and spatial variables. The rest of this paper is organized as follows. In Section , we briefly introduce fractional integrals and derivatives to make this article self-contained. In Section , we propose a two-dimensional time-fractional Burgers equation and present a hybrid numerical scheme based on the DGM and the finite difference scheme. In Section , two numerical examples are given and numerical simulations are carried out and discussed. Finally, conclusions are drawn and some future plans are suggested in Section .
Preliminaries
We briefly recall some definitions and properties of fractional integrals and derivatives. More details of them can be found in popular monographs [] . Let (·) be the gamma function and let α >  be a real number. By extending the usual multi-fold integration of integer-order, it is natural to have the following fractional integral operator.
provided the integral is finite.
Borrowing the fact that differentiation and integration operations are mutually inverse in general, there are two basic ways to define fractional derivatives, which are, respectively, called the Riemann-Liouville sense and the Caputo sense.
Definition  (see []) The left Riemann-Liouville fractional derivative of order
provided the right side of the identity is finite.
In most of the literature, it is verified that models with Riemann-Liouville derivative need some nonlocal initial condition to guarantee the existence and regularity of solution. However, models with Caputo derivative can inherit the conventional initial and boundary conditions of corresponding integer-order models. Therefore, we give the partial fractional derivative of a function u(x, y, t) in the Caputo sense below.
Definition  (see [])
The left partial fractional derivative of order n - < α < n of a function u(x, y, t), with respective to variable t, in the Caputo sense, is defined as
Model and numerical method
In what follows, we shall consider a time-fractional Burgers equation
We consider the cases with Reynolds number. Let Re ∈ [, ,]. To make () solvable, we impose the initial and boundary conditions
Conservation of solution
Now we start our discussion by recalling the fact that solving () with a closed form solution is impossible, thus we shall adopt some useful way to find the evidence that a solution with certain regularity exists. The fundamental skill is borrowed from the projection method. Let φ(x, y) ∈ C ∞  ( ), where C ∞  ( ) denotes the set of all sufficiently smooth functions with compact support defined in .
In the case of high Reynolds number, i.e., Re , we have  Re u ≈ . This motivates us to only study
We similarly call it an inviscid time-fractional Burgers equation. Let us integrate () over domain . Then
Considering the second part of equation () and using the definition of divergence and Gauss's theorem, we have
where G = (
) is the flux through the boundary of the domain, and n is the unit outward normal vector. Using the boundary condition (), we have
By the definition of the Caputo derivative, we get
Next, we consider a similar feature for viscous Burgers equations. Let H = (u x , u y ). Integrating both sides of the equation over , the viscous part then becomes
Assuming u is smooth near the boundary and, ∀(x, y) ∈ \∂ , φ(x, y) > , obviously H · n < . Then we have
By the definition of Caputo derivative, we get
Otherwise, if, ∀(x, y) ∈ \∂ , φ(x, y) < , we have
Equations ( 
Discontinuous Galerkin method
In this part, we propose a numerical scheme based on the full discretization which is of finite differences for temporal variables and the DGM for spatial variables. The basic advantage of the DGM is that the shock wave solution of Burgers' equation can be better approximated.
.. Semi-discretization scheme
We define For the construction of the discontinuous Galerkin scheme, we introduce the following broken Sobolev space for given real number s:
equipped with the broken Sobolev norm
In order to establish the local discontinuous Galerkin discretization, we introduce two auxiliary variables p = . Then we have
Given a triangulation T h , we try to find u h , p h , q h ∈ H s ( h ), such that, for any element
, the following equations hold:
To avoid double values at edges, we define the numerical flux for values at edges
) and we definen = (n x , n y ). By integration by part, we obtain
To define the numerical flux function f  , f  , let {{a}} denote average of a, that is, {{a}} = 
where
The local monotone Lax-Friedrichs numerical flux is a particularly convenient choice of numerical flux because it can easily be applied to any nonlinear hyperbolic system, it is simple to compute, and it yields good results, although there are many other numerical fluxes which could also be used [] . We consider discretization of the fractional Burgers equation in a piecewise polynomial space of degree N . Assuming L 
Replacing the test functions φ , y) , the semi-discretized scheme is derived. We have 
.. Time integration
Compared with the classical Burgers equation, a proper discretization scheme for timefractional derivatives is important. In references, several different approximation schemes are proposed, such as the Grünwald-Letnikov scheme, L  approximation. The local DGM is often combined with the explicit time integration scheme, s.t. the Euler method and the Runge-Kutta method, to take its full advantages. Especially for nonlinear problems, the implicit time integration scheme will bring about great computational cost due to large degrees of freedom of the local DGM and the need to solve nonlinear equations. For the discretization on fractional derivatives, we employ the algorithm from [], which reads
, which can be obtained recursively through the following relation:
We introduce the following lemma.
Finally, we obtain the numerical scheme for solving the proposed model ( 
Numerical simulation and discussion
Example  To test the performance and accuracy of the method, we consider the example with source term and exact solution
 , so the source term is obtained. We have
From Table  , we observe that, when high accuracy spatial discretization is used, the accuracy is controlled by time discretization and the finite difference scheme is of firstorder accuracy, just as indicated by Lemma .
To test the effectiveness and accuracy of the spatial discretization, we set the time step length to be very small and compare the errors for different spatial discretization. From Table  , we see that the convergence order approximates  for N =  and is close to  for N = , which indicates that spatial discretization converges with order N + . Example  In this example, we consider the following time-fractional Burgers equation:
where all the symbols have the same meaning as in the last example. () When low Reynolds numbers are considered, we also solve model () with different orders of fractional derivatives and illustrate numerical solutions at the same moments t = . and t = .. Similarly, we observe from Figure  that the peak of the solution moves to the boundary slowly, and it is hard to see discontinuity in the solution domain. Therefore, the fractional Burgers equation has a globally-defined solution as that of the classic inviscid Burgers equation.
() When a moderate Reynolds number is considered, we again solve model () with different orders of fractional derivatives and illustrate numerical solutions at the same moments t = . and t = .. As we observe from Figure  , the peak of the solution moves to the boundary. However, due to the fact that the Reynolds number is not high enough, the numerical solution is still regular on the boundary. Thus, we clearly see that the size of the Reynolds number determines the behavior of the fractional Burgers equation.
() Now we make a systematic comparison on the above three plots. No matter how high or low the Reynolds number is, when the Reynolds number is fixed, model () diffuses relatively fast under small α and correspondingly slow under large α. This agrees with the We could also clearly see that the smaller the order of fractional derivative, the faster the diffusion process of Burgers' equation proceeds. Therefore, the fractional Burgers equation can have more applicable possibilities in traffic flow, conservation law modeling, and turbulence theory. This shall be the fundamental difference between classic and fractional Burgers equations, as well as the basic motivation to further study two-dimensional and three-dimensional temporal and spatial fractional Burgers equations.
Conclusion remarks
In this paper, we propose a time-fractional two-dimensional Burgers model which contains a Caputo fractional derivative with order α ∈ (, ]. When α = , the proposed model reduces to the classic Burgers model. We analyze the conservation and dissipation prop-erty for both viscid and inviscid fractional Burgers models. To catch the shock wave phenomenon at the wavefront of the fractional Burgers model with high Reynolds number, we implement a mixed algorithm involving time-stepping on temporal variables and the DGM on spatial variables. Numerical simulations are given, which show that the fractional Burgers model preserves the basic property that a shock wave type solution can be found. Meanwhile it exhibits more interesting and rich dynamical behavior by varying the order of fractional derivatives and the Reynolds number. We believe that the shape of the spatial domain may change the dynamics of the fractional Burgers equation, since the shape and volume of the domain determine the differences of eigenvalues of the fractional Burgers equation. More details as regards the fractional Burgers equations (time-and/or space-fractional cases) shall be further studied in the near future.
